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1. INTRODUCTION AND SUUMARY 
Let I be an arbitrary (not necessarily bounded) interval of the real 
axis B. Let UP(I) be the class of functions, defined and continuously 
differentiable on 1 and possessing a uniformly continuous derivative on I. 
In this paper linear positive operators L, (n= 1, 2, . ..) of UCi(I) into 
itself are considered, satisfying 
(l-1) L#; x)=29 (xeI; i=o, 1). 
For all f E U@(I) an estimation is derived for the difference Ln(f ; x) --f(z), 
(ZEN), in terms of the modulus of continuity of the derivative of f 
defined by 
(1.2) Mf; &= sup If’(X)-/‘($/)I (S>O; z, YEI). 
X-lll<d 
The main object of this paper is to show the existence of the best 
functions c,(z; 8) such that for all f E UCi(I) 
(1.3) ILn(f; x)-f(x)I<c&; 6)o1(f; 6) (d>O; XEI; n/=1, 2, . ..) 
and, moreover, to determine these functions. It is proved that 
(1.4) f&(x; 6)= sup IW ; 4 -f@)l =Ln(f; %) 
m(f ; 6) 
> 
fc u&n 
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where f(t) is defined by 
(1.5) f(t)=&lt--I+ 2 (It-xl-i@+, 
i-l 
where a, = max (a, 0) for a E 8. 
In view of (1.1) the linear functions will be disregarded in (1.4) as they 
are of no interest for the problem considered. Therefore it is always 
assumed that f E UCi(1) is not linear. 
The functions f(t) are called extremd f~n&ions. Such functions occur 
for the first time in a paper by Schurer and Steutel [7], who proved (1.4) 
for the special case of the Bernsteinoperators. They also occur in [8], [9], 
[lo] by the same authors, in [ll] by Schurer, Sikkema, Steutel and in 
[3], [4] by Van der Meer. For further details the reader is referred to 
section 4 where some applications will be given. In section 2 of this paper 
three preliminary lemmas are proved. Section 3 contains the main theorem 
and a consequence of it in case of some special interpolation-type operators. 
In section 4 some applications are given and, finally, in section 5 the 
operators of Szasz-Mirakjan are considered for which the asymptotic 
behaviour is determined of c,(x; n-a) with 0 <a < 1 and x E [0, m) if n + 00. 
2. SOME PRELIMINARY LEMMAS 
In this section three lemmas are derived, which are used in the proof 
of the main theorem and its corollary. 
LEMMA 1. Let g(t) be a real function, defined and continuously diflerentiable 
on@ with ol(g; S)=l for ajixed 6>0 and let at apoint xE@ g(x)=0 and 
g’(x) = 0. Then there exists a real number 1=1(g) with lizi Q 4 such that 
for all t El3 
(2.1) g(t)4w+w-x), 
where j(t) is defined by (1.5). 
PROOF. The lemma is proven in two steps. In the first step we show 
that (2.1) holds on the interval [x - 6, x + 81 after which we prove in the 
second step that (2.1) holds on Q\[x - 6, x + 61. 
STEP 1. Consider the set A defined by 
A=(vE[O, l]lg(t)9v(t-x) on [x, x+8]} 
and put L = - 4 + inf A. We notice that as a consequence of the properties 
of g(t) we have g(t) < It -xl on [x-a, x+6]. Thus A is not empty and in 
case ;I= -Q the function g(t) satisfies (2.1) on [x-6, x + 61. Suppose now 
A> -g. Then, as a consequence of the definition of 1, ]A] < + and g(t) 
satisfies (2.1) on [x, x+6]. We first assume that 9(x+6)= (1+&)(x+@. 
Using the properties of g(t) and some elementary properties of the modulus 
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of continuity we have for all t E [x-6, x) 
Assume now g(s + 6) < (I + 4)s. On account of the continuity of g’, there 
exists a tr E (CC, CC+- 6) such that g’(tr) = L + 8 and g(tl) = (1-t i)(tr - CC). As a 
direct consequence of ol(g; 6) = 1 we then have g(t) < (A- &)(t -2) on 
[tr - 8, 2). Finally, for all t E [z- 8, tr - 8) 
I tl-d tl-d 
g(t)= J -g’(~)~~+g(t1-~)< / {l-g’(u+d))du 
t 
+(n-*)(tl-d--)=(tl-cq-g(tl)+g(t+6) 
(2.3) 
+ (n-~)(tl-9-2)<(tl-8--t)-((I+~)(tl--s) 
+(n+~)(tl+s-z)+(jl--)(tl-6-X)=(~--)(t--) 
\ =#t-LcI+n(t-3$ 
Hence (2.1) holds on [z-8, x+6]. 
STEP 2. Suppose t>z+ 6. As a consequence of or(g; 8) = 1 and using 
some elementary properties of the modulus of continuity we have 
(2.4) g’(u)<g’(u--jS)+j with j=[(u--x)/8] for all u>x+6, 
[a] denoting the largest integer not exceeding a for cd EB. Obviously 
u-@E[x, z+6]. Then 
g(t)= s S’(G~= ;z; ~+-~~)ds’w~+ .+id S’W% 
1: 
where k=[(t-x)/8]. Hence, by means of (2.4), 
= ~[(a-+)/d]du+kg(s+8)+g(t-kd) 
< i [(U-+Wu+k(l+#d+(A+#(t-kd-2) 
z 
= $2 (It-xl-j~)++~lt-2~+2(t-x)=f(t)+A(t-z), 
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which proves (2.1) for t>x+ 6. Analogously (2.1) holds for t<x--6. This 
proves the lemma. 
LEMMA 2. Let f(t) be given as in (1.5) with 8> 0 and x E@. Then there 
exist red functions ga E UCl(n) with 0 <o< QS for which wl(gO; 6) = 1 and 
such that go(t) converges uniformly on ‘I3 to f(t) if u 4 0. 
PROOF. For 0-ca-c &B we construct a function go(t) on I3 possessing 
the following properties : 
(i) g.,(x) = &a and g:(x) = 0. 
(ii) gi(x+t)=r(x+t) if (k+a)S<t<(k+l-a)B (k=O, &l, k2, . ..). 
(iii) gi(x+t) is linear if (k-u)d<t<(k+u)d (k=O, fl, &2, . ..). 
(iv) g:(t) is continuous on B. 
As a consequence of (1.5) we have 
(2.5) r(x+t)=k+i if kB<t<(k+1)8 (k=O, fl, i-2, . ..). 
From this and the properties of g,,(t) it follows easily that g, E U@(B) 
and or(g,; 6) = 1. Hence we have for t>O, using (i) and (ii) 
g&+t)-f(x+t)= i {g~(x+u)-f(x+u))du+g~(x) 
P*6) 
0 
={ y + ;g 11; + (I % )[g~(x+u)-~(x+u)]au+~u6, 
0 -- 
where k=[t/8]. Using (i), (iii), (iv) and (2.5) we have 
(2.7) T{g’(x+u)-f’(x+u)}du= [{u/(2&9-+&= -@d 
and for i=l, 2, . . . 
(2.8) ~~;~{g~(x+u)-p(x+u))=o* 
Substituting (2.7) and (2.8) in (2.6) it follows that 
For t t0 we can prove in an analogous way the same inequality and 
thus we have Igo -f(t)1 Q &R? for all t E@. From this it follows that go(t) 
converges uniformly on I3 to f(t) if u 4 0. 
The following lemma gives upper and lower bounds for f(t). For a proof 
the reader is referred to [7] and [8]. 
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LEMMA 3. For all t E I& for each Jixed x E Q and each 8 > 0, f(t) satisfies 
the inequalities 
(2.9) (t-x)2/(26)<r(t)g6/8+(t-x)2/(26). 
(2.10) ~lt-xl~T(t)<~lt-XI+(t-x)2/6. 
3. THE MAIN THEOREM 
We consider linear positive operators L, (n= 1, 2, . . .) mapping U@(I) 
into itself and satisfying (1.1). Let cn(x; 6) be defined by 
(3.1) c,(x; 9) = sup 
Ie d(l) 
IL”~~~‘m~~(z)I (6>0; xEI; n=l, 2, . ..). 
, 
As a consequence of lemmas 1 and 2 we are now able to prove the 
main theorem of this paper. 
THEOREM 1. For each xEI, each d>O and all n=l, 2, . . . 
(3.2) c&J; 6) =Ln(f; x). 
PROOB. Let XEI, 6>0 andn=l, 2,... chosen arbitrarily and then kept 
fixed. Let f E U@(I) and, without loss of generality, Ln(f; x) -f(x) > 0. 
Using the linearity of L, and (1.1) we have 
(3.3) L(f; x) -f(x)=w(f; QL(9; x), 
where g(t) = {f(t) -f(x) - (t -x)f’(x)}/ml(f; 8) for all t E I. We extend g(t) to a 
function G(t) defined on the whole of R by putting 
(i) G(t)=g(t) on I. 
(ii) G(t) is linear on n\I. 
(iii) al(t) is continuous on X3. 
Obviously g(x) = G(x), g’(x) = G’(z) = 0 and or(g; S) = or(G; S) = 1. 
According to lemma 1 there exists a L E ‘El with 111 G 4 such that 
G(t)<f(t)+A(t-X) on ‘R 
and hence 
(3.4) g(t)Gf(t)+i2(t-x) on I. 
From (3.3) and (3.4), using the positivity of L, and (l.l), it then 
follows that 
W;4-~f(~)<w(f; Wdf;4. 
Because of the fact that f was chosen arbitrarily we have 
(3.5) h&(x; 6) <JL(f; 2). 
As a consequence of lemma 2, f(t) is the uniform limit for t EI of 
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functions in UCr(I) and thus in (3.5) equality holds. This proves the 
theorem. 
COROLLARY. For each f E UCl(I), for each x E I and each 6 > 0 
(3.6) 4f ; Q44/~ G Mf ; 4 - f (41 <{V + p&)/+df ; 6) ; 
(3.7) &4~--21; 4w(f; Q< IUf; X)-f(X)1 
<{BLW4; 4+ +44/~)~l(f; 4, 
with ,u,,(x)=&{(t--x)2; x} and n=l, 2, . . . . 
PROOF. The proof of (3.6) and (3.7) is a direct consequence of (2.9) 
and (2.10) and the positivity of the operators L,. 
We now suppose that the operators L, satisfy the additional condition, 
that for each f E UCl(I) and each x E I we have 
(3.3) L(f; a= & fwwhw @= 1, 2, ..*) 
where Q&r) is a positive continuous function for all k, n= 1, 2, . . . . For 
these operators the main theorem gives the following result in the special 
case 6 =n-l. 
THEOREM 2. Let(L,}(n=l, 2, . ..)b e a sequence linear positive operators, 
defined on 770(I) and satisfying (1.1) and (3.8). Then for each XE I and 
for each n=l, 2, . . . 
(3.9) c,(x; n-l)=~nL,{(t-x)2; x}+oc(l -(x)/(212), 
with or=nx--[nx]. 
PROOF. Let x E I. We consider the parabola 
(3.10) n;(t)=&+-2)2+01(1--OL)/(2n) (t EY$ n= 1, 2, . ..) 
and we shall prove that qJk/n) = f(k/n) for all k= 0, f 1, f 2, . . . . For 
k=l, 2, . . . we have, using the definition of f(t) 
(3.11) ~(([nx]+k)/n)=)r(x+(k-a)/n)={(k-l)2+(2k-l)(1--))/(2n) 
={k2-2k~~--oc}/(2n)=q~(x+(k-oc)/n)=q~(([nx]+k)/n). 
Analogously we have for Z= 0, 1, 2, . . . . 
(3.12) f(wi - O/n) = nz((b4 - O/n). 
From (3.11) and (3.12) it now follows that f(k/n)=q,(k/n) for all k. 
Hence by theorem 1, (3.8) and (3.10) 
4~; n-l) = Mf; 4 = JI @ln)Qd4 
= *,lJ, q4k/n)Qd4 = &L{(t - xl2 ; xl +4 -~)/(.W 
which proves the theorem. 
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4. SOME APPLICATIONS 
In this section the results of the previous one will be applied to four 
types of well-known linear positive operators. 
A. The Bern&e&operators decked by Bn(f ; z) = &($“( 1 - x)+kf(k/n) 
with f E U@[O,l] = Cl[O,l], z E [O,l] and n= 1, 2, . . . . These operators also 
satisfy the additional condition (3.8). As a consequence of (3.6) and (3.7) 
respectively we have that for each f E Cl[O,l], for each x E [O,l] and 
each 6>0 
~(1--)col(f;8)/(28n)<IB,(f;x)-f(~)l~{~/8+x(l-z)/(26n)}o1(f;6) 
and 
&a(lt-4; 4w(f; 4<IBdf; N-f@)1 
<{+Bn(lt-4; 4+4l--~)/(W}4f; 8). 
Theorem 2 gives that for each z E [0, l] and each n = 1, 2, . . . . 
~~(2, n-1)=&x(1--z)+0~(1-a)/(2n) (a=nz-[ml). 
These results have also been proven, but in a different way, by Schurer 
and Steutel in [7], [8] and [ll], the last of which in collaboration with 
Sikkema. In case S=n-* they have found some best constants ([7]) and 
furthermore they determined the asymptotic behaviour of the functions 
c&r; n-a) with O<a< 1 as n + oo ([9]). 
B. The operators of Meyer-Kiinig and Zeller defined by 
Mn(f; .)=(l-z)n+l *to (Tk) zaf (A) ’ 
with fEC1[0,1], z~[O,l] and n=l, 2, . . . (see [5]). 
By virtue of (3.6) and (3.7) respectively and using some estimations 
of Mn{(t - x)2; z} we have for each z E [O,l], for each 8 > 0 and n = 2, 3, . . . 
Wx(l-x)8(1+ 5) <&(f; z)<d/8+ &z(l-z)fl+ 5) 
and 
+Ma(lt-zl; +=c&(f; 4<W&-4; 4+ -.&(l-x)2 (l+ 5). 
For a proof of these inequalities we refer to [lo]. In that paper Schurer 
and Steutel also investigated the case ~?=n-~ (O<a =zz 1). 
a. The opera&m of Bmkakov defined by 
Ldf; ~)=(l+~)*~$~ (“‘~-1)(2/(1+z))kf(k/n), 
with f E UCl[O, oo), x E [0, oo) and n = 1, 2, . . . (see [l]). 
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These operators satisfy the additional condition (3.8). From (3.6) and 
(3.7) respectively it follows that for each f E UCi[O, oo), for each z E [0, 00) 
and 6>0 
w+~)~l(f~mw< IL(f;q-f(Z)I <(s/s+z(l+2)/(28n))o~(f;d) 
and 
!i-w-4; 44; +zIL(f;+-f(X)1 
4i&4l~-4; 4+4l+z)/W}w1(f; 6). 
Theorem 2 gives that for each z E [0, 00) and each n= 1, 2, . . . 
c&z; 12-1)=~2(1+x)+oc(1-a)/(2n) (oc=m-[ml). 
D. The operators of S&z-Miralcjan defined by 
S,(f; z)=e-“z jO f(k/n)(nx)k/k!, 
with f E UQ[O, ce) , 2 E [O,oo) and n= 1, 2, . . . (see [6], [13]). 
These operators satisfy the additional condition (3.8). As a consequence 
of (3.6) and (3.7) respectively we have that for each f E UQ[O, CO), for 
each z E [0, 00) and each 6 > 0 
(4.1) zodf; d)/(=)< IS,(f; x)-f(~)I<{~/8+z/(@n)}w(f; 6) 
and 
(4.2) bw--21; 4ol(f; dkiwf; 4-f(4I 
<{wm-4; 4+4(w}~l(f; 6). 
Theorem 2 shows that for each x E [0, co) and each n= 1,2, . . . 
c,(x; n-l)=$x+a(l-or)/(2n) (oL=nz-[[12x]). 
Analogous results were proven in [3] and [4], where however different 
techniques for the proofs have been used. 
In the next section we shall investigate for the operators S, the functions 
C&C; n-a) with O<ol< 1 and in particular we shall determine the asymp- 
totic behaviour of them if n --f 00. 
5. THE k331~~0T10 BEHAVIOUR ox ~&;n-~) 
The determination of the asymptotic behaviour of C&J; n-0) (O<or< 1) 
for the operators of Szbsz-Mirakjan can be carried out in the same way 
as that for the Bernsteinoperators (cf. [7] and [9]), though there are some 
slight complications. As in the case of the Bernsteinoperators the value 
oc= 4 turns out to be the most complicated one. We first prove the 
following lemma. 
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LEMMA 4. Put U,(x)=&(lt-xj;x) with xE[O, 00) am? n=l, 2, . . . . 
Thmforemhq>O 
vTi/ii U,(x) --f (276)-t (n--f 00) 
uniforrnZyAjn*x E [q, CQ). 
PROOF. Forx~[O,c~)andn=l,2,... wehave 
U,(X)=*{ $ h,k(x)b--k/n)+ 2 b&,k(x)(+ - 412 
k-0 k-l+1 
where I = [nz] and 8,&x) = e-““(nz)k/k !. Using (1.1) it follows that 
I 
u,(x) = 2 &&x)(x-k/n) =x&,&(x) =n’x’+’ eenx/z! 
k-0 
Hence 
+i/i U,(z) = (I+&)‘+* e-(l+a)/Z ! 
with a=nx-Z, thus OL depends on n and x and O<ol<l. 
If n -+ 00 then Z + oo for each x E [r, w), where 7 is an arbitrary but 
fixed positive number. Using Stirling’s formula we have 
(5.1) l&+ U,(x) --f (232)~+(l+o~/Z)l e-a(l+a/Z)* 
uniformly in x E [q, 00) if n -+ 00. 
Furthermore it is obvious that uniformly in x E [q, 00) 
(5.2) (1 +“/I)’ e-a -+ 1 and (1 +d~/l)* --f 1 (n + co). 
The lemma then follows from (5.1) and (6.2). 
In case OL # 4 the following theorem holds. 
THEOREM 3. LetcA(x;n-(x)bedeJinedasin(1.4),withL,=S,(n=1,2,...), 
x E [0, 00) and oc E [O,l], bc #Q. If n + 00 
(i) c,(x; n-a) mn-*{x/(2z))+ if O<LY<~ 
(ii) c,(x; 12-a) Nn”-1x/2 if Q<olgl. 
PROOF. The proof of (i) and (ii) respectively follows directly from (4.1), 
using lemma 4 and (4.2). 
In case oc = 8 the determination of the asymptotic behaviour is more 
complicated, as both f(t) and f(t) -i[t -x[ are of degree n-k The central 
limit theorem and some applications of it are now the most obvious tools 
to use. In connection herewith, we first state two lemmas, for the proof 
of the first one we refer to [7]. 
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LEMMA 5. If U is a nonnegative random variable with diatributim 
function 8, then for a > 0 
E(U-a)+= Y(l-F(u))du, 
la 
where E den&@ expectation. 
LEMMA 6. Let Vn be a Poismn random variable with expectation nx and 
variance ~/TX, where n= 1, 2, . . . and XE[~, cm) with a jixed ~>0. If 
Un= (Vn-n4/1 i&, and if F,,(u) den&e the distribution ftmii~ of IU,j 
then there exists for each s=l, 2, . . . a constant C, such that for all U> 0 
and all x E [q, 00) the inequality 
1 -F,,(u) < C,u-28 
hfa8. 
PROOF. For 8 > 0, x E [0, 00) and for each 8 = 0, 1, 2, . . . the inequality 
is valid. Further for 
V,,,(x)=n+&((t-2)‘; x) (r=O, 1, 2, . ..) 
the following recursion formula ([ 121) 
(5.4) Vn.r+1 (2) =~(V’,,,(x)+nrV~,~-l(x)}, 
holds, where 
wd V,,o(x) = 1, VT&J(Z) = 0. 
From (5.4) and (5.6) it easily follows (cf. [12]) that VTnJx) is a 
polynomial in nx with degree [*I and constant coefficients. Thus if 
XE[~, co) for each s=O, 1, 2, . . . there exists a constant C8, independent 
of x, such that 
Vn,28(x) < Cs(n@. 
Hence with (6.3) one has 
wn 2rd 8fd4 9GdWW. 
Putting B = u$$ this shows that 
l-F,(u)= 2 87&g < c8u-28, 
I~-rual,t6,‘iE 
which proves lemma 6. 
The following theorem gives the asymptotic behaviour of c&r; n-+) if 
n-+00. 
476 
THEOREM 4. Letc,(x;nt)bedeJinedasin(1.4),urithL,=S, (n=1,2, . ..). 
Then for em& x E (0, 60) 
where d(u) = (2~) -t exp ( -G/2). 
PROOF. On account of theorem 1 we have for c&r; n-+) 
(6.6) c&; n-+)= udx) + j) ~%rwwln-4 -iw+, 
k-0 
where U,(x) is defined as in lemma 4. From (5.6) it follows using lemma 5 
and the notation of lemma 6 that 
Put @(zc)= r-O0 +(@-Zer, then by the Berry-Esseen theorem (cf. [2]), 
1 -P,(u) converges uniformly in u> 0 to 2 (1 -@p(u)} if n + oo and also 
uniformly in x E [q, oo) for each fixed q>O. As a consequence of lemma 
6 the integrals in the right-hand side of (5.7) converge uniformly in n, i 
and in x E [q, 00) and also the sums in the right-hand side of (5.7) con- 
verge uniformly in n and x E [q, 00). From this and lemma 4 it now 
follows that 
for each z E (0, 00) if n + 00. 
This proves the theorem. 
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